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The influence of the geometric phase, in particular the Berry phase, on an entangled spin- 1
2
system
is studied. We discuss in detail the case, where the geometric phase is generated only by one part of
the Hilbert space. We are able to cancel the effects of the dynamical phase by using the “spin-echo”
method. We analyze how the Berry phase affects the Bell angles and the maximal violation of a
Bell inequality. Furthermore we suggest an experimental realization of our setup within neutron
interferometry.
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I. INTRODUCTION
Entanglement is one of the most profound aspects of quantum mechanics (QM). It occurs in quantum
systems that consist of two (or more) parts which can be separated, or typically, in systems whose
observables belong to disjoint Hilbert spaces. Its deep meaning has been already realized by Erwin
Schro¨dinger in 1935 in his famous papers on “The present situation of quantum mechanics” [1]. In
Schro¨dinger’s view the whole system is in a definite state whereas the individual parts are not.
In the same year Einstein, Podolsky and Rosen [2] recognized – what nowadays is called “EPR paradox”
– that QM exhibits very peculiar correlations between two physically distant parts of the total system.
It is possible to predict the outcome of the measurement of one part by looking at the distant part.
About three decades later John S. Bell [3] re-analyzed the “EPR paradox”. He discovered inequalities,
commonly known as Bell inequalities (BI), that can be violated by QM but have to be satisfied by
(all) local realistic theories [4]. A violation of a BI demonstrates the presence of entanglement and thus
according to Bell’s Theorem the occurrence of nonlocal features in the quantum systems. Generalizations
of such inequalities serve as criterion for entanglement or separability [5].
Experiments with photons (see, e.g., Ref.[6] for a review) confirm QM with its nonlocality in an
impressive way. In the last years there have also been considerable activities to test entangled massive
systems in particle physics [7, 8, 9, 10, 11, 12, 13]. Entanglement is the basis for quantum communication
and quantum information (see, e.g., Ref.[6]) and it became an important issue of investigation nowadays.
Geometric phases such as the Berry phase [14] play a considerable role in physics and arise in a quantum
system when its time evolution is cyclic and adiabatic. Its deep geometric origin is given by a holonomy of
the line bundle of the states where the phase emerges from the integral of the connection (or curvature) of
the bundle over the parameter space [15]. The quantum holonomy also appears for mixed states [16, 17].
Generalizations to nonadiabatic evolutions [18] and noncyclic and nonunitary settings [19, 20] do exist
as well as extensions to off-diagonal geometric phases [21, 22]. The application of geometric phases in
quantum computation has been suggested by several authors [23, 24, 25]. Experimentally, geometric
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2phases have been tested in various cases, e.g., with photons [26, 27, 28], with neutrons [29, 30] and with
atoms [31].
Whereas the geometric phase in a single particle system is already studied very well, both theoretically
and experimentally, its effect on entangled quantum systems is less known. However, there is increasing
interest to combine both quantum phenomena, the geometric phase and the entanglement of a system
[32, 33, 34, 35].
In this article we are studying the influence of the Berry phase on the entanglement of a spin- 12 system
by considering a BI. The Berry phase is generated by implementing an adiabatically rotating magnetic
field into one of the paths of the particles. Our goal is to propose an explicit experimental setup which
eliminates the dynamical phase, which would spoil the geometric effect, so that we are sensitive just to
the geometric phase. We can achieve this within neutron interferometry [36, 37] which is an almost ideal
tool to investigate the evolution of a spin- 12 system. In particular, when using a polarized beam [38] we
have entanglement between different degrees of freedom, i.e., the spin and the path of the neutron. In
this case it is physically rather noncontextuality than locality which is tested experimentally [39, 40].
Noncontextuality means that the value of an observable does not depend on the experimental context;
the measurement of the observable must yield the value independent of other simultaneous measurement.
The question is whether the properties of individual parts of a quantum system (or ensemble) do have
definite or predetermined values before the act of measurement – a main hypothesis in hidden variable
theories. The “no-go theorem” of Bell-Kochen-Specker [41, 42] states that noncontextual theories are
incompatible with QM. More precisely, it is in general impossible to assign to an individual quantum
system a definite value for each set of observables (see, e.g., Refs.[43, 44]).
In our case the observables, which belong to mutually disjoint Hilbert spaces, are the spin and the path
of the neutron in the interferometer and we use a BI containing these observables to test noncontextual
hidden variable theories versus QM [39].
II. THE BERRY PHASE FOR SPIN- 1
2
PARTICLES
We concentrate on the spin- 12 system where it is rather simple to implement a geometrical phase and
we use Berry’s [14] construction for the system evolving adiabatically and cyclically in time.
The scenario is as follows. The particle, without loss of generality moving in y-direction, couples to
a time dependent magnetic field ~B(t) with unit vector ~n(ϑ; t) and constant norm B = | ~B(t)|. Field
~B(t) rotates adiabatically with an angular velocity ω0 around the z-axis under an angle ϑ (for proper
adiabaticity conditions, see Ref.[45]). The interaction is described by the Hamiltonian
H(t) =
µ
2
~B(t)~σ , (1)
where the coupling constant is given by µ = gµB, the Lande´ factor g times the Bohr magneton µB =
1
2
e
m
~.
Consequently, the instantaneous eigenstates of the spin-operator in direction ~n(ϑ; t) – thus of Hamil-
tonian (1) – expanded in the σz-basis are given by
| ⇑n; t〉 = cos ϑ
2
| ⇑z〉+ sin ϑ
2
eiω0t | ⇓z〉
| ⇓n; t〉 = − sin ϑ
2
| ⇑z〉+ cos ϑ
2
eiω0t | ⇓z〉 .
(2)
The corresponding time independent energy levels are
E± = ±µB
2
= ±~ω1 , (3)
where ω1 :=
E+−E−
2~ =
µB
2~ denotes the energy difference of spin ⇑n and spin ⇓n and represents the
characteristic frequency of the system. Let us consider an adiabatic (which means ω0
ω1
≪ 1) and cyclic
3time evolution for the period τ = 2pi
ω0
of these eigenstates. Then each eigenstate picks up a phase factor
that can be split into a geometrical and dynamical part of the following form
|⇑n; t = 0〉 −→ |⇑n; t = τ〉 = eiγ+(ϑ)eiθ+ |⇑n; t = 0〉
|⇓n; t = 0〉 −→ |⇓n; t = τ〉 = eiγ−(ϑ)eiθ− |⇓n; t = 0〉 ,
(4)
with
γ+(ϑ) = −π(1− cosϑ) γ−(ϑ) = −π(1 + cosϑ) = −γ+(ϑ) − 2π (5)
θ+ = −1
~
E+τ = −2πω1
ω0
θ− = +
1
~
E−τ = +2π
ω1
ω0
= −θ+ . (6)
Symbol γ± denotes the Berry phase which is precisely half of the solid angle
1
2Ω swept out by the
magnetic field during the rotation and θ± is the familiar dynamical phase.
Now we are going to eliminate the dynamical effect which would dominate the geometrical one, by using
the so called “spin-echo” method. First the propagating particle is subjected to the rotating magnetic
field in the direction ~n(ϑ) for one period and therefore picks up the phases given by Eq.(4). Afterwards
the particle passes another rotating field which points in direction −~n(π−ϑ) again for one period. Then
the states change according to
|⇑n〉 ≡ |⇓−n〉 −→ eiγ−(pi−ϑ)eiθ− |⇓−n〉 ≡ eiγ+(ϑ)eiθ− |⇑n〉
|⇓n〉 ≡ |⇑−n〉 −→ eiγ+(pi−ϑ)eiθ+ |⇑−n〉 ≡ eiγ−(ϑ)eiθ+ |⇓n〉 .
(7)
Therefore we get the following net-effect after two rotation-periods
|⇑n〉 → e2iγ+(ϑ)|⇑n〉 |⇓n〉 → e2iγ−(ϑ)|⇓n〉 , (8)
or for two half-periods of rotation we have
|⇑n〉 → eiγ+(ϑ)|⇑n〉 |⇓n〉 → eiγ−(ϑ)|⇓n〉 , (9)
where the dynamical effects totally disappear.
III. THE BERRY PHASE AND THE ENTANGLED STATE
Let us consider an entangled state of two spin- 12 particles, e.g., the antisymmetric Bell singlet state
Ψ(−). One of the particles (e.g., the left side moving particle) interacts twice with the adiabatically
rotating magnetic fields as described in Sect.II. Thus only one subspace of the Hilbert space is influenced
by the phases.
To locate the Berry phase we decompose the initial Bell singlet state into the eigenstates of the
interaction Hamiltonian
|Ψ(t = 0)〉 = |Ψ(−)〉 = 1√
2
{|⇑n〉l ⊗ |⇓n〉r − |⇓n〉l ⊗ |⇑n〉r} . (10)
According to our “spin-echo” construction, after one cycle, the state (10) picks up precisely the geometric
phase (9)
|Ψ(t = τ)〉 = 1√
2
{eiγ+ |⇑n〉l ⊗ |⇓n〉r − eiγ− |⇓n〉l ⊗ |⇑n〉r} , (11)
which can be rewritten by neglecting an overall phase factor (from now on γ+ ≡ γ)
|Ψ(t = τ)〉 = 1√
2
{|⇑n〉l ⊗ |⇓n〉r − e−2iγ |⇓n〉l ⊗ |⇑n〉r} . (12)
4~B
− ~B
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FIG. 1: Schematic view of the setup. The vector ~n denotes the quantization direction, ~α and ~β are the measurement
directions which determine the measurement planes.
Increasing the Berry phase |γ| : 0 → pi2 → π, which we achieve by varying the magnetic field angle
ϑ : 0 → 60◦ → 90◦, we move continuously from the antisymmetric Bell singlet state Ψ(−) to the
symmetric Bell state Ψ(+) and back to Ψ(−).
As in common Bell experiments we want to measure simultaneously the spin components of the
particles on the left and right side, see Fig.1. First we define the projection operator onto an up (+) and
down (-) spin state along an arbitrary direction ~α
P±(~α) = |±~α〉〈±~α| (13)
with
|+~α〉 = cos α1
2
|⇑n〉+ sin α1
2
eiα2 |⇓n〉
|−~α〉 = − sin α1
2
|⇑n〉+ cos α1
2
eiα2 |⇓n〉 ,
(14)
where α1 denotes the polar angle measured from the ~n-direction and α2 the azimuthal angle. Then we
calculate the joint probability for finding spin-up on the left side under an angle ~α from the quantization
axis ~n and spin-up (or spin-down) on the right side under an angle ~β
P (~α ⇑n, ~β ⇑n) = 〈Ψ(t = τ)|P l+(~α)⊗ P r+(~β)|Ψ(t = τ)〉
=
1
4
(
1− cosα1 cosβ1 − cos(α2 − β2 + 2γ) sinα1 sinβ1
)
→ 1
4
(
1− cos(α1 − β1)
)
for (α2 − β2)→ −2γ ,
(15)
P (~α ⇑n, ~β ⇓n) = 〈Ψ(t = τ)|P l+(~α)⊗ P r−(~β)|Ψ(t = τ)〉
=
1
4
(
1 + cosα1 cosβ1 + cos(α2 − β2 + 2γ) sinα1 sinβ1
)
→ 1
4
(
1 + cos(α1 − β1)
)
for (α2 − β2)→ −2γ .
(16)
5Introducing the observable
Al(~α) = P l+(~α)− P l−(~α) , (17)
and similarly Br(~β), we calculate the expectation value of the joint measurement
E(~α, ~β) = 〈Ψ(t = τ)|Al(~α)⊗Br(~β)|Ψ(t = τ)〉
= − cosα1 cosβ1 − cos(α2 − β2 + 2γ) sinα1 sinβ1
→ − cos(α1 − β1) for (α2 − β2)→ −2γ .
(18)
We observe that we always can compensate the effect of the Berry phase by simply changing the difference
of the azimuthal angles (α2−β2)→ −2γ of the two measuring directions ~α and ~β and regain the familiar
expressions without Berry phase.
To test experimentally the influence of a pure geometric phase in the entangled state we have to vary
only the opening angle ϑ of the magnetic field, i.e., the geometry of the setup, which is related to the
Berry phase by formula (5). Then we measure expectation value (18) with respect to γ at certain fixed
directions ~α and ~β. By rotating the measurement planes by the angle difference (α2 − β2) = −2γ the
geometric effect is balanced. Experimentally we propose to test this feature within neutron interferometry,
see Sect.IV.
When considering a BI to test the local features of the states we find the following behavior, which
we want to illustrate by considering the CHSH-inequality (Clauser, Horne, Shimony, Holt) [46], an
experimentally testable type of a BI,
S ≤ 2 , (19)
where the S-function is defined by
S(~α, ~α′, ~β, ~β′; γ) =
∣∣E(~α, ~β)− E(~α, ~β′)∣∣ + ∣∣E(~α′, ~β) + E(~α′, ~β′)∣∣
=
∣∣∣− sinα1(cos(α2 − β2 + 2γ) sinβ1 − cos(α2 − β′2 + 2γ) sinβ′1)
− cosα1
(
cosβ1 − cosβ′1
)∣∣∣
+
∣∣∣− sinα′1(cos(α′2 − β2 + 2γ) sinβ1 + cos(α′2 − β′2 + 2γ) sinβ′1)
− cosα′1
(
cosβ1 + cosβ
′
1
)∣∣∣ .
(20)
Without loss of generality we can eliminate one angle by setting, e.g., ~α = 0 (α1 = α2 = 0), which gives
S(~α′, ~β, ~β′; γ) =
∣∣∣− sinα′1
(
cos(α′2 − β2 + 2γ) sinβ1 + cos(α′2 − β′2 + 2γ) sinβ′1
)
− cosα′1(cosβ1 + cosβ′1)
∣∣∣+
∣∣∣− cosβ1 + cosβ′1
∣∣∣ . (21)
We always can reach as maximal value of S the standard value 2
√
2. We keep the polar angles α′1, β1
and β′1 constant at the Bell angles α
′
1 =
pi
2 , β1 =
pi
4 , β
′
1 =
3pi
4 and adjust the azimuthal parts
S(α′2, β2, β
′
2; γ) =
√
2 +
∣∣∣−
√
2
2
(
cos(α′2 − β2 + 2γ) + cos(α′2 − β′2 + 2γ)
)∣∣∣ . (22)
The maximum 2
√
2 is reached for β2 = β
′
2 and α
′
2 − β′2 = −2γ (mod π). For convenience we can choose
α′2 = 0. The measurement planes on both sides enclose an angle of 2γ, see Fig.1.
On the other hand, keeping the azimuthal angles fixed, e.g., α2 = α
′
2 = β2 = β
′
2 = 0, the polar Bell
angles determined by the maximum of the S-function change with respect to the Berry phase γ. By
6calculating the derivatives (the extremum condition)
∂S
∂β1
= − sinβ1 ∓ cosα′1 sinβ1 ± cos(2γ) sinα′1 cosβ1 = 0
∂S
∂β′1
= sinβ′1 ∓ cosα′1 sinβ′1 ± cos(2γ) sinα′1 cosβ′1 = 0 (23)
∂S
∂α′1
= ∓ sinα′1(cosβ1 + cosβ′1)± cos(2γ) cosα′1(sinβ1 + sinβ′1) = 0 ,
the solutions are given by (± corresponds to the case either f1 < 0 and f2 < 0 or to f1 < 0 and f2 > 0,
when we denote S = |f1|+ |f2|)
β1 = ± arctan(cos(2γ))
β′1 = π − β1 (24)
α′1 =
π
2
,
and are plotted in Fig.2 and Fig.3 (of course we may interchange β1 ↔ β′1) .
With these angles the S-function shows the behavior plotted in Fig.4. We see that the maximal S
decreases for γ : 0 → pi4 and touches at γ = pi4 even the limit of the CHSH inequality S = 2, where we
are unable to distinguish between QM and local realistic theories. It increases again to the familiar value
S = 2
√
2 at γ = pi2 , which corresponds to the Bell state Ψ
(+).
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3pi
4
pi
2
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4
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4
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2
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π
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FIG. 2: The Bell angles β1 and β′1 with respect to the Berry phase γ for the case f1 < 0 and f2 < 0.
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FIG. 3: The Bell angles β1 and β′1 with respect to the Berry phase γ for the case f1 < 0 and f2 > 0.
IV. PROPOSED NEUTRON-EXPERIMENT
Let us now consider how the predicted behavior of S can be measured in practice. In our polarized
neutron interferometer experiment the wave function of each neutron is defined over a tensor product
7
maximal S-values
|γ|pi4 pi2 3pi4 π
ϑ0◦ 41.4◦ 60◦ 75.5◦ 90◦
Ψ(−) Ψ(+) Ψ(−)
1
2
2
√
2
FIG. 4: The maximum of the S-function (21) with respect to the Berry phase γ with the choice of zero azimuthal angles
α′2 = β2 = β
′
2 = 0.
of Hilbert spaces which describe the spatial and spin components of the wave function and is entangled
analogously to the two spin- 12 system (10)
|Ψ〉 = 1√
2
{
|I〉 ⊗ |sI〉 − |II〉 ⊗ |sII〉
}
. (25)
The states |sI〉 and |sII〉 denote the spin states of beam-I and -II, as well as |I〉 and |II〉 the states in the
two beam paths in the interferometer.
NeutronInterferometer
(Guide Field)B0
Phase Shifter
Magnetic
Prism
z
x
y
O-Detector
Spin
Rotator
p/2-Spin Turner
Path-I
Path-II
H-Detector
Spin
Analyser
RF Spin
Rotator-I
RF Spin
Rotator-II
B I = Sin( )wr t + D I
B II = Sin( )wr t + D II
DC-Spin-Flipper
|⇓n〉
|⇑n〉
|⇑n〉
|⇓n〉
FIG. 5: Schematic view of the experimental setup.
A schematic view of the experimental setup is shown in Fig.5. In addition to an auxiliary phase shifter,
two radio-frequency (RF) spin-flippers [47] are inserted into one beam path and a direct current (DC)
π-spin-flipper into the other path of the interferometer. The former two flippers enable the neutron
spinors to evolve along a particular curve inducing only a geometric phase γB without any dynamical
component [48, 49], see Fig.6. The latter flipper produces the entangled state, like |Ψ(t = τ)〉 in Eq.(12).
8Thus, after the spinor evolution the total wave function is represented by
|Ψ(γB)〉 = 1√
2
{
|I〉 ⊗ |⇑n〉 − eiγB |II〉 ⊗ |⇓n〉
}
, (26)
with the geometrical phase
γB =
1
2
Ω = φ1 − φ2. (27)
f
1 ` f2-
|⇑n〉
|⇓n〉
FIG. 6: Schematic representation of the spinor evolution with the use of the Poincare´ sphere.
Our observables can be decomposed in the following form
Ap(χ) = P p+(χ)− P p−(χ) and Bs(~δ) = P s+(~δ)− P s−(~δ) , (28)
where P p±(χ) and P
s
±(
~δ) denote the projection operators onto path and spin states, respectively
P
p
±(χ) = |±p〉〈±p | and P s±(~δ) = |±~nδ〉〈±~nδ| , (29)
with
|+p〉 = cos χ
2
|I〉+ sin χ
2
|II〉 |+~nδ〉 = cos δ1
2
|⇑n〉+ sin δ1
2
eiδ2 |⇓n〉
|−p〉 = − sin χ
2
|I〉+ cos χ
2
|II〉 |−~nδ〉 = − sin δ1
2
|⇑n〉+ cos δ1
2
eiδ2 |⇓n〉 .
(30)
Once the state |Ψ(γB)〉 is produced joint measurements on the path and spin are performed by choosing
the phase shift χ and the angle ~δ of the spinor analysis appropriately. Note that χ and ~δ play the role of
the angles ~α and ~β described before in Sect.III.
Experimentally, the joint probabilities are given by the number of counts
N++(χ,~δ) = 〈Ψ(γB)|P p+(χ)⊗ P s+(~δ)|Ψ(γB)〉
N+−(χ,~δ) = 〈Ψ(γB)|P p+(χ)⊗ P s+(δ1 + π, δ2)|Ψ(γB)〉 = N++(χ, (δ1 + π, δ2))
N−+(χ,~δ) = 〈Ψ(γB)|P p+(χ+ π)⊗ P s+(~δ)|Ψ(γB)〉 = N++(χ+ π,~δ)
N−−(χ,~δ) = 〈Ψ(γB)|P p+(χ+ π)⊗ P s+(δ1 + π, δ2)|Ψ(γB)〉 = N++(χ+ π, (δ1 + π, δ2)) .
(31)
Then the expectation value
E(χ,~δ) = 〈Ψ(γB)|Ap(χ)⊗Bs(~δ)|Ψ(γB)〉 (32)
is experimentally represented by
E(χ,~δ) =
N++(χ,~δ)−N+−(χ,~δ)−N−+(χ,~δ) +N−−(χ,~δ)
N++(χ,~δ) +N+−(χ,~δ) +N−+(χ,~δ) +N−−(χ,~δ)
. (33)
9The outcome of (33) coincides with formula (18). Varying the opening angle of the magnetic field – here
it is the relative phase of the RF between the two spin rotators – one can demonstrate experimentally the
influence of the pure geometric phase of the entangled state on the expectation value (33). Considering
the CHSH inequality Smax is achieved for χ ≡ α1 = 0 (α2 = 0), which corresponds to the choice of one
path, and χ′ ≡ α′1 = pi2 (α′2 = 0), which means an equal superposition of the states |I〉 and |II〉, whereas
the angles ~δ ≡ ~β and ~δ′ ≡ ~β′ of the spinor analysis have to be chosen accordingly.
V. SUMMARY AND CONCLUSION
We have studied the influence of the Berry phase on an entangled spin- 12 system, specifically the
case where the Berry phase is generated by one subspace of the system. Due to our special setup with
external opposite rotating magnets, the “spin-echo” method, we are able to eliminate the dynamical
phase such that only the geometrical part remains. To analyze the effects of the Berry phase we consider
the expectation value of spin measurements and test the local feature via a CHSH inequality.
A phase – like our geometrical one – in a pure entangled system does not change the amount of
entanglement and therefore not the extent of nonlocality of the system, which is determined by the
maximal violation of a BI. Therefore such a phase just affects the Bell angles in a definite way.
We always can achieve the familiar maximum value 2
√
2 of the S-function by rotating the Bell angles
with respect to the Berry phase γ by the azimuthal amount (α2 − β2) = −2γ as demonstrated in Fig.1.
This occurrence of the maximal value is in accordance with Theorems of Horodecki [50] and Gisin [51].
On the other hand, keeping the measurement planes fixed the polar Bell angles vary according to
formula (24) and the maximum of the S-function varies with respect to the Berry phase γ as shown in
Fig.4. It even touches the boundary of the CHSH inequality at γ = pi4 making any distinction between
QM and local realistic theories obsolete for this setup. Other Bell inequalities like Bell’s original one [3]
show a similar behavior.
It is our free choice after all whether we rotate the measurement planes accordingly in order to achieve
the maximum value Smax = 2
√
2 or keep them fixed at some azimuthal angle and cope with smaller
values of Smax. In the second case we show explicitly the dependence of Smax on the geometric phase.
Entanglement is a quantum property of states defined over a tensor product of Hilbert spaces, no
matter what kind of spaces they are. In this sense we certainly can entangle the internal (spin) with the
external (space) degrees of freedom of one and the same particle. Then the physical interpretation of a
BI, however, differs from the usual nonlocality case and it is the more general concept of contextuality of
the states, which is tested, similarly to the Bell-Kochen-Specker Theorem [41, 42, 43]. Noncontextuality
here means that the value for the observable spin of the neutron does not depend on the experimental
context, i.e., on the other co-measured observable, the path.
Noncontextuality is a rather restrictive demand for a theory, which is incompatible with QM. We
propose the experimental test with single particles – the test of noncontextuality versus QM – to be
performed within neutron interferometry which is an excellent tool to study the properties of spin- 12
systems. In our case we study both the influence of the Berry phase on entanglement and on contextuality
of the states. The neutron experiment which can be easily carried out is in progress.
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